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I. INTRODUCTION
The observation of molecular gaseous Bose-Einstein condensates ͑BECS͒ and the subsequent experimental study of the BEC-BCS crossover ͓1-5͔ were made possible by the possibility of tuning interatomic interactions using a magnetic field ͑the so-called Feshbach resonances͒. Although all these experiments were based on s-wave interatomic interactions, it is known from condensed matter physics that superfluidity of fermionic systems can also arise through higherorder partial waves. The most famous examples of this nonconventionnal superfluidity are 3 He ͓6͔, for which the Cooper pairs spawn from p-wave interactions, and high-T c superconductivity, in which pairs are known to possess d-wave symmetry ͓7͔. Recent interest in p-wave interactions in cold atom gases stemmed from these possibilities and resulted in the observation of p-wave Feshbach resonances in 40 K ͓8͔ and 6 Li ͓9,10͔, as well as theoretical studies on the superfluidity of cold atoms interacting through p-wave pairing ͓11,12͔.
The present paper is devoted to the study of p-wave interactions close to a Feshbach resonance and it derives some results presented in ͓9͔. In a first part, we present the model we use to describe both elastic and inelastic processes that are discussed in the second part. We stress in particular the main qualitative differences between p-wave and s-wave physics and show that contrarily to the case of the s wave, which is dominated by low-energy physics, p-wave scattering is dominated by a resonance peak associated to the quasibound molecular state. Finally, we compare our analytical results to numerical coupled-channel calculations.
II. MODEL FOR p-WAVE INTERACTIONS
We consider the scattering of two identical particles of mass m. As usual when treating a two-body problem, we work in the center-of-mass frame and consider only the motion of a fictitious particle of mass m / 2 interacting with a static potential. In order to study the p-wave Feshbach resonance, we use a model based on the separation of open and closed channels. In this framework, the Feshbach resonance arises in an open channel as a result of the coupling with a closed channel ͓13͔. At resonance, scattering properties are dominated by resonant effects and we can neglect all "background" scattering ͑i.e., we assume there is no scattering far from resonance͒.
͑1͒ We restrict ourselves to a three-channel system, labeled 1, 2, and 3, which correspond to the different two-body spin configurations ͑Fig. 1͒. Channels !1͘ and !2͘ are open channels. We focus on the situation where atoms are prepared initially in state !1͘. Atoms may be transferred to state !2͘ after an inelastic process. Channel !3͘ is closed and hosts the bound state leading to the Feshbach resonance.
Let us consider, for instance, the case of 6 Li atoms prepared in a mixture of ͉F =1/2,m F =1/2͘ and ͉FЈ =1/2,m F Ј =−1/2͘. In this system, the only two-body decay channel is associated with the flipping of an m F Ј = −1 / 2 atom to m F Ј =1/2. If we denote by ͑m F , m F Ј͒ the symmetrized linear combination of the states ͉F =1/2,m F ͘ and ͉FЈ =1/2,m F Ј͘, then ͉1͘ = ͑1/2,−1/2͒ and ͉2͘ = ͑1/2,1/2͒.
FIG. 1.
The p-wave model: we consider three internal states, labeled !1͘, !2͘, and !3͘. States !1͘ and !2͘ are two open channels corresponding, respectively, to the incoming and decay channels. The released energy in an inelastic collision bringing an atom initially in !1͘ to !2͘ is denoted ⌬. State !3͘ is a closed channel that possesses a p-wave bound state of energy ␦ nearly resonant with state !1͘. Finally, we assume that these three channels interact through a potential V acting only on the internal states and coupling the two open channels to the closed channel. ͑2͒ The Feshbach resonances studied here are all located at values of the magnetic field where the Zeeman splitting is much larger than the hyperfine structure. In a first approximation we can therefore assume that the internal states are described by uncoupled electronic and nuclear spin states. In the absence of any dipolar or hyperfine coupling between the electronic singlet and triplet manifolds, we assume we have no direct interaction in channels 1 and 2 so that the eigenstates are plane waves characterized by their relative wave vector k and their energy E 1 ͑k͒ = ប 2 k 2 / m ͑channel 1͒ and E 2 ͑k͒ =−⌬ + ប 2 k 2 / m ͑channel 2͒. ⌬Ͼ0 is the energy released in an inelastic process leading from 1 to 2. ⌬ can be considered as independent of the magnetic field and is assumed to be much larger than any other energy scales ͑in the case relevant to our experiments, ⌬ / h ϳ 80 MHz is the hyperfine splitting of 6 Li at high field͒. ͑3͒ In channel 3, we consider only a p-wave bound state nesting at an energy ␦ quasiresonant with channel 1. In the case of 6 Li atoms in the F =1/2 hyperfine state, ␦ =2 B ͑B − B 0 ͒, where B is the magnetic field and B 0 is the position of the "bare" Feshbach resonance. If the projection of the angular momentum ͑in units of ប͒ is denoted by m u for a quantization axis chosen along some vector u, the eigenfunctions associated with this bound state can be written as g͑r͒Y 1 m u ͑ , ͒, where ͑r , , ͒ is the set of polar coordinates and the Y l m are the spherical harmonics.
͑4͒
The coupling V between the various channels affects only the spin degrees of freedom. Therefore the orbital angular momentum is conserved during the scattering process and we restrict our analysis to the p-wave manifold. This is in contrast to the situation in heavy alkalimetals where incoming particles in the s wave can be coupled to molecular states of higher orbital angular momentum ͓14,15͔.
We assume also that the only nonvanishing matrix elements are between the closed and the open channels ͑i.e., ͗1,2͉V ͉͉3͘ and ͗3͉V ͉1,2͒͘.
Let us denote a state of the system by ͉␣ , ͘, where ␣ ͕1,2,3͖ and describe, respectively, the internal ͑spin͒ and the orbital degrees of freedom. According to assumption ͑͑4͒͒, the matrix element ͗␣ , ͉V ͉␣Ј , Ј͘ is simply given by ͗␣,͉V ͉␣Ј,Ј͘ = ͉͗Ј͗͘␣͉V ͉␣Ј͘, ͑1͒
and is therefore simply proportional to the overlap ͗ ͉ Ј͘ between the external states. Let us now particularize to the case where ␣ ͕1,2͖, and ͉͘ = ͉k͘ is associated with a plane wave of relative momentum បk. According to hypothesis ͑͑4͒͒, this state is coupled only to the closed channel !3͘ . Moreover, using the wellknown formula e ikz = ͚ l i l ͱ4͑2l+1͒j l ͑kr͒Y l 0 ͑ , ͒, where the j l are the spherical Bessel functions, we see that ͉͘ is coupled only to the state ͉␣Ј =3,k = 0͘ describing the pair in the bound state ͉␣Ј =3͘ with zero angular momentum in the k direction. The matrix element then reads
͑2͒
where L 3 is a quantization volume. Since for small k we have j 1 ͑kr͒ϳkr / 3, the matrix element ͗␣ , k͉V ͉3,m k ͘ takes the general form
where F ␣ ͑k͒ has a finite ͑in general nonzero͒ limit when k goes to zero. Later on, we shall also need the coupling between ͉␣ , k͘ and ͉3,m k Ј =0͘ ͑that will be denoted by ͉3,0 k Ј ͒͘, where the momentum k and the direction of quantization kЈ are no longer parallel. The calculation presented above yields readily
where ͑k , kЈ ͒ is the angle between k and kЈ ͓16͔.
III. T MATRIX
From general quantum theory, it is known that the scattering properties of a system are given by the so-called T matrix T. It can be shown in particular that T is given by the following expansion in powers of the coupling potential:
where Ĝ 0 ͑E͒ =1/͑E − Ĥ 0 ͒ and Ĥ 0 = Ĥ − V is the free Hamiltonian of the system. Let us consider ͉␣ , k͘ and ͉␣Ј , kЈ͘, two states of the open channels, and let us set T ␣␣ Ј ͑k , kЈ , E͒ = ͗␣ , k͉T͑E͉͒␣Ј , kЈ͘. According to formula ͑5͒, this matrix element is the sum of terms that can be represented by the diagram of Fig. 2 and we get after a straightforward calculation
Here G 0 ͑m͒ ͑E͒ =1/͑E − ␦͒ is the free propagator for the
2. Diagrammatic expansion of the T matrix. The full ͑dashed͒ lines represent free atoms ͑molecules͒. ͉␣ , k͘ is the scattering state of the two particles, in the internal state ␣ = 1,2. ͉3,0 k ͘ represents the state of a p-wave molecule with orbital angular momentum component zero on the k direction.
the results of the integration on the loops, and finally
where ⍀ p is the solid angle associated with k p , arises from the pair-breaking vertices ͉3,0
This last integral can be calculated recursively and we get R n = ͑4 /3͒ n cos͑k , kЈ ͒, that is, for the T matrix
This expression can be further simplified since, according to Eq. ͑2͒, the width of F ␣ ͑q͒ is of the order of 1 / R e , where R e is the characteristic size of the resonant bound state. In the low-temperature limit, we can therefore expand ⌺ ␣ with the small parameter kR e .
From Eq. ͑2͒, we see that replacing F ␣ ͑q͒ by its value at q = 0 leads to a q 2 divergence. This divergence can be regularized by the use of counterterms in the integral, namely, by writing that
where we have assumed that F ␣ was decreasing fast enough at large q to ensure the convergence of the integrals. ͉F ␣ ͑q͉͒ 2 can now be safely replaced by ␣ = ͉F ␣ ͑0͉͒ 2 in the first integral and we finally get
If we assume that the release energy ⌬ is much larger than E and if we set ␦ 0 = ␦ 0 ͑1͒ + ␦ 0 ͑2͒ and = 1 + 2 , we get for the T matrix
We note that this expression for the T matrix is consistent with the general theory of multichannel scattering resonances ͓13͔, where resonantly enhanced transitions to other channels are readily included. In a similar context of two open channels and a Feshbach resonance, a recent experiment was analyzed ͓15͔ that involved the decay of a molecular state formed from a Bose-Einstein condensate.
IV. s WAVE VS p WAVE
This section is devoted to the discussion of the expression found for the T matrix. In addition to the scattering cross section, the study of the T matrix yields important information on the structure of the dressed molecular state underlying the Feshbach resonance and we will demonstrate important qualitative differences between the behaviors of p-wave and s-wave resonances.
A. Molecular state
The binding energy E b of the molecule is given by the pole of T. In the limit ␦ ϳ ␦ 0 , it is therefore given by
We see that the real part of E b ͑the "physical" binding energy͒ is ϳ␦ and therefore scales linearly with the detuning ␦ − ␦ 0 . This scaling is very different from what happens for s-wave processes where we expect a ͑␦ − ␦ 0 ͒ 2 behavior. This difference is in practice very important: indeed, the molecules can be trapped after their formation only if their binding energy is smaller than the trap depth. The scaling we get for the p-wave molecules means that the binding energy increases much faster when we increase the detuning than what we obtain for s-wave molecules ͑this feature was already pointed out in ͓11͔͒. Hence, p-wave molecules must be looked for only in the close vicinity of the Feshbach resonance-for instance, for Ӷ 1 ͑relevant for 6 Li, as we show below͒ and a trap depth of 100 K, the maximum detuning at which molecules can be trapped is Ӎ0.1 G.
This asymptotic behavior of the binding energy is closely related to the internal structure of the molecule. Indeed, the molecular wave function ͉ m ͑B͒͘ can be written as a sum ͉open͘ + ͉closed͘ of its projections on the closed and open channels, which correspond, respectively, to short-and longrange molecular states. If we neglect decay processes by setting 2 = 0, we can define the magnetic moment of the molecule ͑relative to that of the free atom pair͒ by RESONANT SCATTERING PROPERTIES CLOSE TO A… PHYSICAL REVIEW A 71, 062710 ͑2005͒
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that is, in the case of 6 Li where ␦ =2 B ͑B − B 0 ͒,
On the other hand, we can also write E b = ͗ m ͑B͉͒Ĥ͑B͉͒ m ͑B͒͘. Since in the absence of any decay channel, the molecular state is the ground state of the twobody system, we can write using the Hellmann-Feynman relation
In our model, the only term of the Hamiltonian depending on the magnetic field is the energy ␦ =2 B ͑B − B 0 ͒ of the bare molecular state in the closed channel and we finally have
If we compare Eqs. ͑8͒ and ͑9͒, we see that the probability P closed = ͗closed͉ closed͘ to be in the closed channel is given by
In other words, unless = ϱ, there is always a finite fraction of the wave function in the tightly bound state. In practice, we will see that in the case of 6 Li, Ӷ 1. This means that the molecular states that are nucleated close to a Feshbach resonance are essentially short-range molecules. On the contrary, for s-wave molecules, E b ϰ ͑␦ − ␦ 0 ͒ 2 leads to ⌬ eff =−2 B ͗closed͉ closed͘ ϰ ͑␦ − ␦ 0 ͒. This scaling leads to a zero probability of occupying the bare molecular state near an s-wave resonance.
We can illustrate these different behaviors in the simplified picture of Fig. 3 . For small detunings around threshold, the p-wave potential barrier provides a large forbidden region, which confines the bound state behind this barrier. The bound-state wave function decays exponentially inside the barrier and the tunneling remains nearly negligible. Since there is no significant difference for the shape of the p-wave bound state for small positive and negative detunings, the linear dependence of the closed channel on magnetic field will be conserved for the bound state, and therefore the binding energy will also linearly approach the threshold. We note that the linear dependence close to threshold can also be found from the general Breit-Wigner expression for a resonance, in combination with the p-wave threshold behavior of the phase shift ͓13͔.
The imaginary part of E b corresponds to the lifetime of the molecule. In the case of s-wave molecules for which two-body decay is forbidden ͓20,21͔, the only source of instability is the coupling with the continuum of the incoming channel that leads to a spontaneous decay when ␦ Ͼ 0 ͓see Fig. 3͑a͔͒ . By contrast, we get a finite lifetime in the p wave even at ␦ Ͻ 0: due to dipolar relaxation between its constituents, the molecule can indeed spontaneously decay toward state ͉2͘. For ␦ ϳ 0, the decay rate ␥ 0 associated with this process is given by
B. Elastic scattering
The scattering amplitude f͑k , kЈ͒ for atoms colliding in the channel 1 can be extracted from the T matrix using the relation
The cos͑k , kЈ ͒ dependence is characteristic of p-wave processes and, once again, this expression shows dramatic differences from the s-wave behavior. First, at low k , f͑k , kЈ͒ vanishes like k 2 . If we introduce the so-called scattering volume V s ͓13͔ defined by f͑k,kЈ͒ = − V s k 2 , then we have
we neglect the spontaneous decay of the molecule. We see that in this approximation, the binding energy E b of the molecule is given by
In s-wave processes, the binding energy and the scattering length are related through the universal formula E b =−ប 2 / ma 2 . This relationship is of great importance since it allows one to describe both scattering properties and the molecular state with only one scattering length, without having to be concerned care with any other detail of the interatomic potential. In the case of the p wave, we see that no such universal relation exists between the scattering volume and E b , a consequence of the fact that we have to deal with short-range molecular states, even at resonance. We therefore need two independent parameters to describe both the bound states and the scattering properties.
In the general case, the elastic cross section el is proportional to ͉f͉ 2 . According to our calculation, we can put el under the general form
where E = ប 2 k 2 / m is the kinetic energy of the relative motion and C is a constant depending on the microscopic details of the system. Noticeably, the energy dependence of the cross section exhibits a resonant behavior at E = ␦ as well as a plateau when E → ϱ, two features that were observed in the numerical coupled-channel calculations presented in ͓17͔. Once again, this leads to physical processes very different from what is expected in s-wave scattering. Indeed, we know that in s-wave scattering, we have f ϳ −a, as long as ka Ӷ 1. Since a is in general nonzero, the low-energy behavior gives a non-negligible contribution to the scattering processes. By contrast, we have just seen that in the case of the p wave, the low-energy contribution is vanishingly small ͑ el ϳ E 2 ͒ so that the scattering will be dominated by the resonant peak E ϳ ␦.
C. Inelastic scattering.
For two particules colliding in channel 1 with an energy E = ប 2 k 2 / m, the probability to decay to channel 2 is proportional to 2 ͑kЈ͉͒T 12 ͑k , kЈ , E͉͒ 2 where 2 is the density of states in channel 2. Since kЈ is given by the energy conservation condition ប 2 kЈ 2 / m − ⌬ = E, and in practice ⌬ӷE, we see that kЈ ϳ ͱ m⌬ / ប 2 is therefore a constant. Using this approximation, we can write the two-body loss rate g 2 ͑E͒ for particles of energy E as
where D is a constant encapsulating the microscopic details of the potential.
V. COMPARISON WITH COUPLED-CHANNEL CALCULATION
The quantities such as C , D , ␥ 0 , etc., that were introduced in the previous section were only phenomenological parameters to which we need to attribute some value to be able to perform any comparison with the experiment. These data are provided by ab initio numerical calculations using the coupled-channel scheme described in ͓18͔. The result of this calculation for the elastic scattering cross section is presented in Fig. 4 . The most striking feature of this figure is that it displays two peaks instead of one, as predicted by Eq. ͑10͒. This difference can be easily understood by noting that the dipolar interaction that couples the molecular state to the outgoing channel provides a "spin-orbit" coupling that modifies the relative orbital angular momentum of the pair ͓17͔. In other words, each resonance corresponds to a different value of the relative angular momentum m l ͑the m l = + 1 and m l = −1 resonances are superimposed because the frequency shift induced by the dipolar coupling is proportional to m l 2 , as noted in ͓17͔͒.
As the spin-orbit coupling is not included in our simplified three-level model, we take the multiple peak-structure into account by fitting the data of Fig. 4 using a sum of three laws ͑10͒ with a different set of phenomenological parameters for each value of the angular momentum:
where ␦ m l is related to the magnetic field through ␦ m l = ͑B − B F,m l ͒ and ␥ m l = ␥ 0,m l + a m l E 3/2 . Using this law, we obtain a perfect fit to the elastic as well as inelastic data obtained from the coupled-channel calculations. The values obtained FIG. 4 . Energy dependence of the elastic cross section. Dots: numerical closed-channel calculation. The left peak corresponds to m l = 0 and the right peak to m l = ± 1. Full line: Fits using Eq. ͑11͒.
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for the different phenomenological parameters are presented on Table I . From these data, we see first that the "elastic" properties are independent of m l . This comes from the fact that the elastic scattering is mainly a consequence of the hyperfine coupling that does not act on the center-of-mass motion of the atoms. However, we see that both the inelastic collision rate constant D and the molecule lifetime ␥ 0 exhibit large variations with the relative angular momentum ͓22͔. First, the spontaneous decay rate ␥ 0 of a molecule in m l =0, +1 is always larger than ϳ10 2 s −1 , which corresponds to a maximum lifetime of about 10 ms. Second, we observe a strong reduction of the losses in the m l = −1 channel, in which no significant spontaneous decay could be found. An estimate of ␥ 0 can nevertheless be obtained by noting that, since the elastic parameters are independent of m l , the ratio D / ␥ 0 should not depend on m l ͓this can be checked by comparing the ratios D / ␥ 0 for m l = 0 and m l = + 1 in the ͑−1/2,−1/2͒ channel͔. Using this assumption we find that ␥ 0 ϳ 4 ϫ 10 −3 s −1 both in ͑1/2,−1/2͒ and ͑−1/2,−1/2͒. The reason for this strong increase of the lifetime of the molecules in m l = −1 is probably because, due to angular momentum conservation, the outgoing pair is expected to occupy a state with l = 3 after an inelastic process. Indeed, if we start in a two-body state ͑m F , m F Ј͒ and if the dipolar relaxation flips the spin m F Ј, then the atom pair ends up in a state ͑m F , m F Ј +1͒.
This increase of the total spin of the pair must be compensated by a decrease of the relative angular momentum. Therefore, if the molecule was associated with a relative angular momentum m l , it should end up with m l − 1. In the case of m l = −1, this means that the final value of the relative angular momentum is m l = −2, i.e., l ജ 2. But, according to selection rules associated with spin-spin coupling, the dipolar interaction can only change l by 0 or 2. Therefore, starting from a p-wave ͑l =1͒ compound, this can only lead to l = 3. Let us now assume that the coupling between the molecular state and the outgoing channel is still proportional to the overlap between the two states ͓see Eq. ͑1͔͒, even in the presence of a dipolar coupling: the argument above indicates that the ratio = ␥ 0,m l =−1 / ␥ 0,m l Ј −1 between the decay rate of molecules in m l = −1 and the one of molecules in m l Ј 1 is then of the order of
where k = ͱ m⌬ / ប 2 is the relative momentum of the atoms after the decay. For lithium, we have R e ϳ 3 Å ͓23͔ which yields kR e ϳ 7 ϫ 10 −2 . This permits us to approximate the spherical Bessel functions j l by their expansion at low
With the numerical value obtained for kR e , we get ϳ 2 ϫ 10 −5 , which is, qualitatively, in agreement with the numerical coupled-channel calculations presented above.
VI. TEMPERATURE AVERAGING
In realistic conditions, the two-body loss rate G 2 needs to be averaged over the thermal distribution of atoms. G 2 is therefore simply given by
The evolution of G 2 vs detuning is displayed in Fig. 5 and shows a strongly asymmetric profile that was already noticed in previous theoretical and experimental papers ͓8,10͔.
This feature can readily be explained by noting that in situations relevant to experiments, ␥ 0 is small with respect to temperature. We can therefore replace g 2 by a sum of Dirac functions centered on ␦ 0,m l . When the ␦ 0,m l are positive, G 2 takes the simplified form
Moreover, if we neglect the lift of degeneracy due to the dipolar interaction coupling and we assume all the ␦ m l to be equal to some ␦, we get 
For ␦ Ͻ 0 and ͉␦͉ ӷ k B T, we can replace the denominator of g 2 by ␦ 2 and we get the asymptotic form for G 2
͑13͒
Let us now comment on the two equations ͑12͒ and ͑13͒ . ͑1͒ We note that the maximum value of G 2 is obtained for ␦ / k B T =3/2. It means that when tuning the magnetic field ͑i.e., ␦͒, the maximum losses are not obtained at the resonance ␦ = 0, but at a higher field, corresponding to ␦ =3k B T / 2. For a typical experimental temperature T =10 K, this corresponds to a shift of about 0.1 G. ͑2͒ Similarly, the width of G 2 ͑␦͒ scales like k B T. Expressed in terms of magnetic field, this corresponds to ϳ0.1 G for T =10 K. This width is a consequence of the resonance nature of the scattering in p-wave processes. As seen earlier, both elastic and inelastic collisions are more favorable when the relative energy E = ␦. When ␦ Ͻ 0, the resonance conditions cannot be satisfied, since there are no states in the incoming channel with negative energy. The scattering is then formally analogous to optical pumping or other second-order processes and yields the 1 / ␦ 2 obtained in Eq. ͑13͒. When ␦ ӷ k B T, the resonance condition is satisfied by states that are not populated ͑since for a thermal distribution, we populate states up to E ϳ k B T͒.
VII. CONCLUSION
In this paper, we have developed a simple model capturing the main scattering properties close to a p-wave Feshbach resonance. The analytical formulas we obtained show very good agreement with both numerical coupled-channel calculations and experimental measurements from our group ͓9͔ and from Chin and Grimm ͓24͔. We have shown that the line shape of the resonance is very different from what is expected for an s-wave process: while s-wave scattering is mainly dominated by low-energy processes, p-wave scattering is rather dominated by collisions at energies equal to that of the molecular state. Regarding p-wave molecules, we have seen that at resonance their wave function was dominated by the short-range bare molecular state. Finally, the study of the spontaneous decay of these molecules has shown a very different lifetime depending on the relative angular momentum of its constituents, since molecules in m l = −1 could live 10 4 times longer than those in m l =0, +1. This very intriguing result might prove to be a valuable asset for the experimental study of p-wave molecules since it guarantees that m l = −1 dimers are very stable against two-body losses in the absence of depolarizing collisions.
